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Abstract. In the paper, firstly, a new fractional integral identity is obtained. Then, some new
results related to the left side of Feje´r’s inequality for differentiable mappings whose derivatives
in absolute value are convex via fractional integral operator, using this identity with fundamental
inequalities such as Ho¨lder’s integral inequality, power-mean inequality and triangle inequality
for integral, are presented. The results presented here would provide extensions of those proved
in [11].
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1. INTRODUCTION AND PRELIMINARIES
Let f W I  R! R be a convex function defined on the interval I of real numbers
and a;b 2 I with a < b. The inequality
f

aCb
2

 1
b a
Z b
a
f .x/dx  f .a/Cf .b/
2
(1.1)
is well known in the literature as Hermite-Hadamard’s inequality (see e.g. [5]). The
most well-known inequalities related to the integral mean of a convex function f are
the Hermite Hadamard inequalities or its weighted versions, the so-called Hermite-
Hadamard-Feje´r inequalities. In [6], Feje´r established the following inequality:
Let f W Œa;b! R be convex function. Then the inequality
f

aCb
2
Z b
a
g.x/dx 
Z b
a
f .x/g.x/dx  aCb
2
Z b
a
g.x/dx (1.2)
holds, where g W Œa;b! R is nonnegative,integrable and symmetric to aCb
2
.
For some results which generalize, improve, and extend the inequalities (1.1) and
(1.2), (see e.g. [7, 10–13]).
c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In the following, we will give some necessary definitions and preliminary results
which are used and referred to throughout this paper.
Definition 1. Let f 2L1Œa;b: The Riemann-Liouville integrals J ˛aCf and J ˛b f
of order ˛ > 0 with a  0 are defined by
J ˛aCf .x/D
1
  .˛/
Z x
a
.x  t /˛ 1f .t/dt; x > a
and
J ˛b f .x/D
1
  .˛/
Z b
x
.t  x/˛ 1f .t/dt; x < b
respectively where   .˛/D R10 e tu˛ 1du. Here is J 0aCf .x/D J 0b f .x/D f .x/:
Some recent result and properties concerning the this integral operators can be
found in [2–4, 8].
In [9], Raina introduced a class of functions defined formally by
F ;.x/D F .0/;.1/;:::; .x/D
1X
kD0
.k/
  .kC/x
k .; > 0I jxj< R/; (1.3)
where the coefficients .k/.k 2 N D N[ f0g/ is a bounded sequence of positive
real numbers and R is the set of real numbers. With the help of (1.3), Raina [9] and
Agarwal et al. [1] defined the following left-sided and right-sided fractional integral
operators respectively, as follows:
J;;aCIw'

.x/D
Z x
a
.x  t / 1F ;Œw.x  t /'.t/dt .x > a/; (1.4)
J;;b Iw'

.x/D
Z b
x
.t  x/ 1F ;Œw.t  x/'.t/dt .x < b/; (1.5)
where ; > 0, w 2 R and '.t/ is such that the integral on the right side exits.
It is easy to verify that J
;;aCIw'.x/ and J

;;b Iw'.x/ are bounded integral
operators on L.a;b/, if
M WD F ;C1Œw.b a/ <1: (1.6)
In fact, for ' 2 L.a;b/, we have
jjJ;;aCIw'.x/jj1 M.b a/jj'jj1 (1.7)
and
jjJ;;b Iw'.x/jj1 M.b a/jj'jj1 (1.8)
where
jj'jjp WD
 Z b
a
j'.t/jpdt
! 1
p
:
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Here, many useful fractional integral operators can be obtained by specializing the
coefficient .k/. For instance the classical Riemann-Liouville fractional integrals
J ˛aC and J ˛b  of order ˛ follow easily by setting D ˛, .0/D 1 and w D 0 in (1.4)
and (1.5).
Set et al. established a new identity and some Hermite-Hadamard-Feje´r type in-
equalities for differentiable mappings whose derivatives in absolute value are convex
via Riemann-Liouville fractional integrals as the following:
Lemma 1 ([11]). Let f W Œa;b!R be a differentiable on mapping .a;b/ with a <
b and let g W Œa;b! R. If f 0;g 2 LŒa;b, then the following identity for fractional
integrals holds:
f

aCb
2
"
J˛
aCb
2

 g.a/CJ˛aCb
2

Cg.b/
#
 
"
J˛
aCb
2

 .fg/.a/CJ˛aCb
2

C.fg/.b/
#
D 1
  .˛/
Z b
a
k.t/f 0.t/dt; (1.9)
where
k.t/D
8ˆˆ<ˆ
:ˆ
R t
a .s a/˛ 1g.s/ds; t 2
h
a; aCb
2
i
;
R t
b .b  s/˛ 1g.s/ds; t 2
h
aCb
2
;b
i
:
Theorem 1 ([11]). Let f W I ! R be a differentiable mapping on I ı and f 0 2
LŒa;b with a < b and g W Œa;b! R is continuous. If jf 0j is convex on Œa;b, then
the following inequality for fractional integrals holds:ˇˇˇˇ
ˇf

aCb
2
"
J˛
aCb
2

 g.a/CJ˛aCb
2

Cg.b/
#
 
"
J˛
aCb
2

 .fg/.a/CJ˛aCb
2

C.fg/.b/
# ˇˇˇˇ
ˇ
 .b a/
˛C1jjgjjŒa;b;1
2˛C1.˛C1/  .˛C1/
 jf 0.a/jC jf 0.b/j (1.10)
with ˛ > 0.
Theorem 2. ([11]) Let f W I ! R be a differentiable mapping on I ı and f 0 2
LŒa;b with a < b and let g W Œa;b! R is continuous. If jf 0jq is convex on Œa;b,
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q  1, then the following inequality for fractional integrals holds:ˇˇˇˇ
ˇf

aCb
2
"
J˛
aCb
2

 g.a/CJ˛aCb
2

Cg.b/
#
 
"
J˛
aCb
2

 .fg/.a/CJ˛aCb
2

C.fg/.b/
# ˇˇˇˇ
ˇ
 .b a/
˛C1jjgjjŒa;b;1
2˛C1C
1
q .˛C1/.˛C2/ 1q  .˛C1/

 
.˛C3/jf 0.a/jqC .˛C1/jf 0.b/jq 1q C  .˛C1/jf 0.a/jqC .˛C3/jf 0.b/jq 1q
(1.11)
with ˛ > 0.
Theorem 3 ([11]). Let f W I ! R be a differentiable mapping on I ı and f 0 2
LŒa;b with a < b and let g W Œa;b! R is continuous. If jf 0jq is convex on Œa;b,
q > 1, then the following inequality for fractional integrals holds:ˇˇˇˇ
ˇf

aCb
2
"
J˛
aCb
2

 g.a/CJ˛aCb
2

Cg.b/
#
 
"
J˛
aCb
2

 .fg/.a/CJ˛aCb
2

C.fg/.b/
# ˇˇˇˇ
ˇ
 .b a/
˛C1jjgjjŒa;b;1
2˛C1C
2
q .˛pC1/ 1p  .˛C1/

 
3jf 0.a/jqCjf 0.b/jq 1q C  jf 0.a/jqC3jf 0.b/jq 1q  ; (1.12)
where 1
p
C 1
q
D 1.
Motivated by results works done in [1,9,11], in this paper we show that Feje´r type
inequalities containing the Reimann-Liouville fractional integral operator and given
in [11] can be extended to fractional integral operator introduced in [1, 9].
2. MAIN RESULTS
Lemma 2. Let f W Œa;b! R be differentiable mapping on .a;b/ with a < b and
let g W Œa;b!R. If f 0;g 2LŒa;b, then the following identity for fractional integrals
holds:
f

aCb
2

J
;˛;aCb
2
CIwg.b/CJ

;˛;aCb
2
 Iwg.a/

(2.1)
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 

J
;˛;aCb
2
CIw.fg/.b/CJ

;˛;aCb
2
 Iw.fg/.a/

D
Z aCb
2
a
Z t
a
.s a/˛ 1F ;˛Œw.s a/g.s/ds

f 0.t/dt
C
Z b
aCb
2
Z t
b
.b  s/˛ 1F ;˛Œw.b  s/g.s/ds

f 0.t/dt:
Proof. It suffices to note that
I D
Z aCb
2
a
Z t
a
.s a/˛ 1F ;˛Œw.s a/g.s/ds

f 0.t/dt (2.2)
C
Z b
aCb
2
Z t
b
.b  s/˛ 1F ;˛Œw.b  s/g.s/ds

f 0.t/dt
D I1CI2:
By integration by parts, we get
I1 D
Z t
a
.s a/˛ 1F ;˛Œw.s a/g.s/ds

f .t/dt
ˇˇˇˇaCb
2
a
(2.3)
 
Z aCb
2
a
.t  a/˛ 1F ;˛Œw.t  a/g.t/f .t/dt
D
 Z aCb
2
a
.s a/˛ 1F ;˛Œw.s a/g.s/ds
!
f

aCb
2

 
Z aCb
2
a
.t  a/˛ 1F ;˛Œw.t  a/.fg/.t/dt
D f

aCb
2

J
;˛;aCb
2
 Iwg.a/ J

;˛;aCb
2
 Iw.fg/.a/
and similarly
I2 D
Z t
b
.b  s/˛ 1F ;˛Œw.b  s/g.s/ds

f .t/dt
ˇˇˇˇb
aCb
2
(2.4)
 
Z b
aCb
2
.b  t /˛ 1F ;˛Œw.b  t /g.t/f .t/dt
D
 Z b
aCb
2
.b  s/˛ 1F ;˛Œw.b  s/g.s/ds
!
f

aCb
2

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 
Z b
aCb
2
.b  t /˛ 1F ;˛Œw.b  t /.fg/.t/dt
D f

aCb
2

J
;˛;aCb
2
CIwg.b/ J

;˛;aCb
2
CIw.fg/.b/:
Putting (2.3) and (2.4) in (2.2), we obtain (2.1) which completes the proof.

Theorem 4. Let f W I ! R be a differentiable mapping on I ı and f 0 2 LŒa;b
with a < b and g W Œa;b! R is continuous. If jf 0j is convex on Œa;b, then the
following for fractional integrals holds:ˇˇˇˇ
f

aCb
2

J
;˛;aCb
2
CIwg.b/CJ

;˛;aCb
2
 Iwg.a/

(2.5)
 

J
;˛;aCb
2
CIw.fg/.b/CJ

;˛;aCb
2
 Iw.fg/.a/
 ˇˇˇˇ
 .b a/˛C1jjgjjŒa;b;1F 1;˛C1Œjwj.b a/
 jf 0.a/jC jf 0.b/j
where
1.k/ WD .k/ 1
2˛CkC1.˛CkC1/
with ˛ > 0.
Proof. Since jf 0j is convex on Œa;b, we know that for t 2 Œa;b
jf 0.t/j D
ˇˇˇˇ
f 0

b  t
b aaC
t  a
b ab
ˇˇˇˇ
 b  t
b a jf
0.a/jC t  a
b a jf
0.b/j:
From Lemma 2 we haveˇˇˇˇ
f

aCb
2

J
;˛;aCb
2
CIwg.b/CJ

;˛;aCb
2
 Iwg.a/

 

J
;˛;aCb
2
CIw.fg/.b/CJ

;˛;aCb
2
 Iw.fg/.a/
 ˇˇˇˇ

Z aCb
2
a
ˇˇˇˇZ t
a
.s a/˛ 1F ;˛Œw.s a/g.s/ds
ˇˇˇˇ
jf 0.t/jdt
C
Z b
aCb
2
ˇˇˇˇZ t
b
.b  s/˛ 1F ;˛Œw.b  s/g.s/ds
ˇˇˇˇ
jf 0.t/jdt

jjgjj
Œa;aCb
2
;1
b a
Z aCb
2
a
 Z t
a
.s a/˛ 1
 1X
kD0
.k/jwjk
  .˛Ck/.s a/
k
!
ds
!
 .b  t /jf 0.a/jC .t  a/jf 0.b/jdt
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C
jjgjj
ŒaCb
2
;b;1
b a
Z b
aCb
2
 Z t
b
.b  s/˛ 1
 1X
kD0
.k/jwjk
  .˛Ck/.b  s/
k
!
ds
!
 .b  t /jf 0.a/jC .t  a/jf 0.b/jdt
D
jjgjj
Œa;aCb
2
;1
b a
Z aCb
2
a
1X
kD0
.k/jwjk
  .˛Ck/
Z t
a
.s a/˛Ck 1ds

 .b  t /jf 0.a/jC .t  a/jf 0.b/jdt
C
jjgjj
ŒaCb
2
;b;1
b a
Z b
aCb
2
1X
kD0
.k/jwjk
  .˛Ck/
Z t
b
.b  s/˛Ck 1ds

 .b  t /jf 0.a/jC .t  a/jf 0.b/jdt
D
jjgjj
Œa;aCb
2
;1
b a

1X
kD0
 Z aCb
2
a
.t  a/˛Ck .b  t /jf 0.a/jC .t  a/jf 0.b/jdt! .k/jwjk
  .˛CkC1/
C
jjgjj
ŒaCb
2
;b;1
b a

1X
kD0
 Z b
aCb
2
.b  t /˛Ck .b  t /jf 0.a/jC .t  a/jf 0.b/jdt! .k/jwjk
  .˛CkC1/
D
jjgjj
Œa;aCb
2
;1
b a

( 1X
kD0
.k/jwjk
  .˛CkC1/
 
.˛CkC3/.b a/˛CkC2
2˛CkC2.˛CkC1/.˛CkC2/
!
jf 0.a/j
C
 
.b a/˛CkC2
2˛CkC2.˛CkC2/
!
jf 0.b/j
)
C
jjgjj
ŒaCb
2
;b;1
b a

( 1X
kD0
.k/jwjk
  .˛CkC1/
 
.b a/˛CkC2
2˛CkC2.˛CkC2/
!
jf 0.a/j
C
 
.˛CkC3/.b a/˛CkC2
2˛CkC2.˛CkC1/.˛CkC2/
!
jf 0.b/j
)
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 jjgjjŒa;b;1
b a
( 1X
kD0
.k/jwjk
  .˛CkC1/
.b a/˛CkC2
2˛CkC1.˛CkC1/
 jf 0.a/jC jf 0.b/j)
D jjgjjŒa;b;1.b a/˛C1F 1;˛C1Œw.b a/.jf 0.a/jC jf 0.b/j/;
whereZ aCb
2
a
.t  a/˛CkC1dt D
Z b
aCb
2
.b  t /˛CkC1dt D .b a/
˛CkC2
2˛CkC2.˛CkC2/ ;
Z aCb
2
a
.t  a/˛Ck.b  t /dt D
Z b
aCb
2
.b  t /˛Ck.t  a/dt
D .˛CkC3/.b a/
˛CkC2
2˛CkC2.˛CkC1/.˛CkC2/ :
This completes the proof. 
Remark 1. If we choose .0/ D 1 and w D 0 in Theorem 4, then the inequality
(2.5) reduces to (1.10).
Theorem 5. Let f W I ! R be a differentiable mapping on I ı and f 0 2 LŒa;b
with a < b and let g W Œa;b! R is continuous. If jf 0jq is convex on Œa;b, q  1,
then the following inequality for fractional integrals holds:ˇˇˇˇ
f

aCb
2

J
;˛;aCb
2
CIwg.b/CJ

;˛;aCb
2
 Iwg.a/

(2.6)
 

J
;˛;aCb
2
CIw.fg/.b/CJ

;˛;aCb
2
 Iw.fg/.a/
 ˇˇˇˇ
 jjgjjŒa;b;1..b a/˛C1/
1
q

.b a/˛C1F 1;˛C1Œjwj.b a/
1  1
q

h
F
2
;˛C1Œjwj.b a/jf 0.a/jqCF 3;˛C1Œjwj.b a/jf 0.b/jq
i 1
q
C
h
F
3
;˛C1Œjwj.b a/jf 0.a/jqCF 2;˛C1Œjwj.b a/jf 0.b/jq
i 1
q

where
1.k/ WD .k/ 1
.˛CkC1/2˛CkC1 ;
2.k/ WD .k/ ˛CkC3
.˛CkC1/.˛CkC2/2˛CkC2
and
3.k/ WD .k/ 1
.˛CkC2/2˛CkC2
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with ˛ > 0.
Proof. Since jf 0jq is convex on Œa;b, we know that for t 2 Œa;b
jf 0.t/jq D
ˇˇˇˇ
f 0

b  t
b aaC
t  a
b ab
ˇˇˇˇq
 b  t
b a jf
0.a/jqC t  a
b a jf
0.b/jq:
Using Lemma 2, power-mean inequality and the convexity of jf 0jq , it follows thatˇˇˇˇ
f

aCb
2

J
;˛;aCb
2
CIwg.b/CJ

;˛;aCb
2
 Iwg.a/

 

J
;˛;aCb
2
CIw.fg/.b/CJ

;˛;aCb
2
 Iw.fg/.a/
 ˇˇˇˇ

 Z aCb
2
a
ˇˇˇˇZ t
a
.s a/˛ 1F ;˛Œw.s a/g.s/ds
ˇˇˇˇ
dt
!1  1
q

 Z aCb
2
a
ˇˇˇˇZ t
a
.s a/˛ 1F ;˛Œw.b a/g.s/ds
ˇˇˇˇ
jf 0.t/jqdt
! 1
q
C
 Z b
aCb
2
ˇˇˇˇZ t
b
.b  s/˛ 1F ;˛Œw.b  s/g.s/ds
ˇˇˇˇ
dt
!1  1
q

 Z b
aCb
2
ˇˇˇˇZ t
b
.b  s/˛ 1F ;˛Œw.b  s/g.s/ds
ˇˇˇˇ
jf 0.t/jqdt
! 1
q
 jjgjj
Œa;aCb
2
;1
 Z aCb
2
a
1X
kD0
.k/jwjk
  .˛Ck/
ˇˇˇˇZ t
a
.s a/˛Ck 1ds
ˇˇˇˇ
dt
!1  1
q

 Z aCb
2
a
1X
kD0
.k/jwjk
  .˛Ck/
ˇˇˇˇZ t
a
.s a/˛Ck 1ds
ˇˇˇˇ
jf 0.t/jqdt
! 1
q
Cjjgjj
ŒaCb
2
;b;1
 Z b
aCb
2
1X
kD0
.k/jwjk
  .˛Ck/
ˇˇˇˇZ t
b
.b  s/˛Ck 1ds
ˇˇˇˇ
dt
!1  1
q

 Z b
aCb
2
1X
kD0
.k/jwjk
  .˛Ck/
ˇˇˇˇZ t
b
.b  s/˛Ck 1ds
ˇˇˇˇ
jf 0.t/jqdt
! 1
q

 
.b a/˛C1
1X
kD0
.k/jwjk
  .˛Ck/
.b a/k
.˛Ck/.˛CkC1/2˛CkC1
!1  1
q
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
( jjgjj
Œa;aCb
2
;1
.b a/ 1q
Z aCb
2
a
1X
kD0
.k/jwjk
  .˛Ck/.˛Ck/

h
.t  a/˛Ck.b  t /jf 0.a/jqC .t  a/˛CkC1jf 0.b/jq
i
dt
 1
q
C
jjgjj
ŒaCb
2
;b;1
.b a/ 1q
Z b
aCb
2
1X
kD0
.k/jwjk
  .˛Ck/.˛Ck/

h
.b  t /˛CkC1jf 0.a/jqC .b  t /˛Ck.t  a/jf 0.b/jq
i
dt
 1
q
)
D

.b a/˛C1F 1;˛C1Œw.b a/
1  1
q

( jjgjj
Œa;aCb
2
;1
.b a/ 1q
 1X
kD0

.k/jwjk
  .˛Ck/.˛Ck/

"
.˛CkC3/.b a/˛CkC2
2˛CkC2.˛CkC1/.˛CkC2/ jf
0.a/jq
C .b a/
˛CkC2
2˛CkC2.˛CkC2/ jf
0.b/jq
#! 1q
C
jjgjj
ŒaCb
2
;b;1
.b a/ 1q
 1X
kD0

.k/jwjk
  .˛Ck/.˛Ck/

"
.b a/˛CkC2
2˛CkC2.˛CkC2/ jf
0.a/jq
C .˛CkC3/.b a/
˛CkC2
2˛CkC2.˛CkC1/.˛CkC2/ jf
0.b/jq
#! 1q)
 jjgjjŒa;b;1
 
.b a/˛C1 1q .b a/˛C1F 1;˛C1Œjwj.b a/1  1q

(h
F
2
;˛C1Œjwj.b a/jf 0.a/jqCF 3;˛C1Œjwj.b a/jf 0.b/jq
i 1
q
C
h
F
3
;˛C1Œjwj.b a/jf 0.a/jqCF 2;˛C1Œjwj.b a/jf 0.b/jq
i 1
q
)
;
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where it is easily seen thatZ aCb
2
a
ˇˇˇˇZ t
a
.s a/˛Ck 1ds
ˇˇˇˇ
dt D
Z b
aCb
2
ˇˇˇˇZ t
b
.b  s/˛Ck 1ds
ˇˇˇˇ
dt
D .b a/
˛CkC1
2˛CkC1.˛Ck/.˛CkC1/ ;
Z aCb
2
a
.t  a/˛Ck.b  t /dt D
Z b
aCb
2
.b  t /˛Ck.t  a/dt
D .˛CkC3/.b a/
˛CkC2
2˛CkC2.˛CkC1/.˛CkC2/ :
Hence the proof is completed. 
Remark 2. If we choose .0/ D 1 and w D 0 in Theorem 5, then the inequality
(2.6) reduces to (1.11).
Theorem 6. Let f W I ! R be a differentiable mapping on I ı and f 0 2 LŒa;b
with a < b and let g W Œa;b! R is continuous. If jf 0jq is convex on Œa;b, q  1,
then the following inequality for fractional integrals holds:ˇˇˇˇ
f

aCb
2

J
;˛;aCb
2
CIwg.b/CJ

;˛;aCb
2
 Iwg.a/

(2.7)
 

J
;˛;aCb
2
CIw.fg/.b/CJ

;˛;aCb
2
 Iw.fg/.a/
 ˇˇˇˇ
 .b a/
˛C1jjgjjŒa;b1
2
3
q
.F
1
;˛C1Œjwj.b a//
1
p

n
Œ3jf 0.a/jqCjf 0.b/jq 1q C Œjf 0.a/jqC3jf 0.b/jq 1q
o
where
1.k/ WD .k/ 1
2˛CkC
1
p .˛pCkpC1/ 1p
and 1
p
C 1
q
D 1.
Proof. Using Lemma 2, Ho¨lder’s inequality and the convexity of jf 0jq , it follows
that ˇˇˇˇ
f

aCb
2

J
;˛;aCb
2
CIwg.b/CJ

;˛;aCb
2
 Iwg.a/

 

J
;˛;aCb
2
CIw.fg/.b/CJ

;˛;aCb
2
 Iw.fg/.a/
 ˇˇˇˇ
1054 ERHAN SET AND BARIS¸ C¸ELI˙K

ˇˇˇˇ
ˇ
Z aCb
2
a
Z t
a
.s a/˛ 1F ;˛Œw.s a/g.s/ds

f 0.t/dt
C
Z b
aCb
2
Z t
b
.b  s/˛ 1F ;˛Œw.b  s/g.s/ds

f 0.t/dt
ˇˇˇˇ
ˇ

Z aCb
2
a
ˇˇˇˇZ t
a
.s a/˛ 1F ;˛Œw.s a/g.s/ds
ˇˇˇˇ
jf 0.t/jdt
C
Z b
aCb
2
ˇˇˇˇZ t
b
.b  s/˛ 1F ;˛Œw.b  s/g.s/ds
ˇˇˇˇ
jf 0.t/jdt
D
Z aCb
2
a
ˇˇˇˇ
ˇ
Z t
a
.s a/˛ 1
1X
kD0
.k/wk.s a/k
  .˛Ck/ g.s/ds
ˇˇˇˇ
ˇ jf 0.t/jdt
C
Z b
aCb
2
ˇˇˇˇ
ˇ
Z t
b
.b  s/˛ 1
1X
kD0
.k/wk.b  s/k
  .˛Ck/ g.s/ds
ˇˇˇˇ
ˇ jf 0.t/jdt
D
Z aCb
2
a
ˇˇˇˇ
ˇ
1X
kD0
.k/wk
  .˛Ck/
Z t
a
.s a/˛Ck 1g.s/ds
ˇˇˇˇ
ˇ jf 0.t/jdt
C
Z b
aCb
2
ˇˇˇˇ
ˇ
1X
kD0
.k/wk
  .˛Ck/
Z t
b
.b  s/˛Ck 1g.s/ds
ˇˇˇˇ
ˇ jf 0.t/jdt

Z aCb
2
a
 1X
kD0
.k/jwjk
  .˛Ck/
ˇˇˇˇZ t
a
.s a/˛Ck 1g.s/ds
ˇˇˇˇ!
jf 0.t/jdt
C
Z b
aCb
2
 1X
kD0
.k/jwjk
  .˛Ck/
ˇˇˇˇZ t
b
.b  s/˛Ck 1g.s/ds
ˇˇˇˇ!
jf 0.t/jdt
 jjgjj
Œa; aCb2 ;1
1X
kD0
.k/jwjk
  .˛Ck/
 Z aCb
2
a
ˇˇˇˇZ t
a
.s a/˛Ck 1ds
ˇˇˇˇ
jf 0.t/jdt
!
Cjjgjj
Œ aCb2 ;b;1
1X
kD0
.k/jwjk
  .˛Ck/
 Z b
aCb
2
ˇˇˇˇZ t
b
.b  s/˛Ck 1ds
ˇˇˇˇ
jf 0.t/jdt
!
 jjgjjŒa;b;1
( 1X
kD0
.k/jwjk
  .˛Ck/
 Z aCb
2
a
ˇˇˇˇZ t
a
.s a/˛Ck 1ds
ˇˇˇˇp
dt
! 1
p
 Z aCb
2
a
jf 0.t/jqdt
! 1
q
C
1X
kD0
.k/jwjk
  .˛Ck/
 Z b
aCb
2
ˇˇˇˇZ t
b
.b  s/˛Ck 1ds
ˇˇˇˇp
dt
! 1
p
 Z b
aCb
2
jf 0.t/jqdt
! 1
q
)
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D jjgjjŒa;b;1
( 1X
kD0
.k/jwjk
  .˛Ck/
 Z aCb
2
a
ˇˇˇˇ
ˇ .s a/˛Ck.˛Ck/ ˇˇˇta
ˇˇˇˇ
ˇ
p
dt
! 1
p
 Z aCb
2
a
jf 0.t/jqdt
! 1
q
C
1X
kD0
.k/jwjk
  .˛Ck/
 Z b
aCb
2
ˇˇˇˇ
ˇ .b  s/˛Ck.˛Ck/ ˇˇˇtb
ˇˇˇˇ
ˇ
p
dt
! 1
p
 Z b
aCb
2
jf 0.t/jqdt
! 1
q
)
D jjgjjŒa;b;1
( 1X
kD0
.k/jwjk
  .˛Ck/
 Z aCb
2
a
.t  a/.˛Ck/p
.˛Ck/p dt
! 1
p
 Z aCb
2
a
jf 0.t/jqdt
! 1
q
C
1X
kD0
.k/jwjk
  .˛Ck/
 Z b
aCb
2
.b  t /.˛Ck/p
.˛Ck/p dt
! 1
p
 Z b
aCb
2
jf 0.t/jqdt
! 1
q
)
D jjgjjŒa;b;1
( 1X
kD0
.k/jwjk
  .˛CkC1/
 
.t  a/˛pCkpC1
˛pCkpC1
ˇˇˇ aCb
2
a
! 1
p
 Z aCb
2
a
jf 0.t/jqdt
! 1
q
C
1X
kD0
.k/jwjk
  .˛CkC1/
 
  .b  t /
˛pCkpC1
˛pCkpC1
ˇˇˇb
aCb
2
! 1
p
 Z b
aCb
2
jf 0.t/jqdt
! 1
q
)
D jjgjjŒa;b;1
( 1X
kD0
.k/jwjk
  .˛CkC1/
 
.b a/˛pCkpC1
2˛pCkpC1.˛pCkpC1/
! 1
p
 Z aCb
2
a
jf 0.t/jqdt
! 1
q
C
1X
kD0
.k/jwjk
  .˛CkC1/
 
.b a/˛pCkpC1
2˛pCkpC1.˛pCkpC1/
! 1
p
 Z b
aCb
2
jf 0.t/jqdt
! 1
q
)
D jjgjjŒa;b;1
( 1X
kD0
.k/jwjk
  .˛CkC1/
 
.b a/˛CkC 1p
2˛CkC
1
p .˛pCkpC1/ 1p
! Z aCb
2
a
jf 0.t/jqdt
! 1
q
C
1X
kD0
.k/jwjk
  .˛CkC1/
 
.b a/˛CkC 1p
2˛CkC
1
p .˛pCkpC1/ 1p
! Z b
aCb
2
jf 0.t/jqdt
! 1
q
)
 jjgjjŒa;b;1.b a/˛C1F 1;˛C1Œjwj.b a/

(
3jf 0.a/jqCjf 0.b/jq
8
 1
q
C
 jf 0.a/jqC3jf 0.b/jq
8
 1
q
)
:
Here we useZ aCb
2
a
ˇˇˇˇZ t
a
.s a/˛Ck 1ds
ˇˇˇˇp
dt D
Z b
aCb
2
ˇˇˇˇZ t
b
.b  s/˛Ck 1ds
ˇˇˇˇp
dt
D .b a/
˛pCkpC1
2˛pCkpC1.˛Ck/p.˛pCkpC1/ ;
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2
a
jf 0.t/jqdt  1
b a
Z aCb
2
a

.b  t /jf 0.a/jqC .t  a/jf 0.b/jqdt
D .b a/3jf
0.a/jqCjf 0.b/jq
8
and Z b
aCb
2
jf 0.t/jqdt  1
b a
Z b
aCb
2

.b  t /jf 0.a/jqC .t  a/jf 0.b/jqdt
D .b a/ jf
0.a/jqC3jf 0.b/jq
8
:
Hence the inequality (2.7) is proved. 
Remark 3. If we choose .0/ D 1 and w D 0 in Theorem 6, then the inequality
(2.7) reduces to (1.12).
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